The Kerr-Schild pencil of metricsg ab = g ab + V l a l b , with g ab andg ab satisfying the vacuum Einstein equations, is investigated in the case when the null vector l has vanishing twist. This class of Kerr-Schild metrics contains two solutions: the Kasner metric and a metric wich can be obtained from the Kasner metric by a complex coordinate transformation. Both are limiting cases of the Kóta-Perjés metrics. The base space-time is a pp-wave.
INTRODUCTION
The Kerr-Schild mapg
generates a pencil of space-time metricsg ab from the metric g ab where l is a null vector and V a function. The solution of the original problem, where a flat parent space-time is mapped to a vacuum space-time, has been known for some time. In the case of Kerr- Schild pencils with a non-twisting and divergence-free l, this is due to Trautman 1 . For the congruences with nonvanishing divergence or twist, the general solution is given by Kerr and Schild 2 .
Here we shall not impose any restriction on the parent metric g apart from being
Lorentzian and vacuum. Still, it follows from the vacuum Einstein equations for the pencil (0) that the null vector l is tangent to geodesics. The general solution of this problem was given recently by us 3, 4, 5 . However, the special case when l is twist-free is not per se covered by the generic procedure, and hints only were given in Ref. 5 to the fields with arbitrary η. Sections 3 and 4 are devoted to these fields. Nonetheless, the resulting metrics prove to be the twist-free limits of the generic metrics 5 .
SOLUTION OF THE Ψ 1 SYSTEM
The computations follow closely the pattern of the generic case where the NewmanPenrose formalism 6 was used. The tetrad vectors are denoted l = D, n = ∆, m = δ, and m =δ. The expressions for the optical scalars, the curvature quantity Ψ 0 , the Kerr-Schild potential and the null tetrad vector m in the twist-free case (B = 0) become 5 :
where Q 1,2 = Q The tetrad has been uniquely fixed by choosing
The fields with η = 0 are algebraically special.
Our main theorem 4 can be stated in the twist-free case again:
Theorem on twist-free vacuum-vacuum Kerr-Schild maps:
, the Kerr-Schild potential is restricted by the relation δV = 0.
The treatment of the metrics with sinη = 0, ±1, ± 
Though the forms of the spin coefficients (1) The general solution for this system was obtained as a finite series in the complex phase
. For the present nontwisting case the function B = 0, thus C = 1.
When we take the limit B → 0 for the four fundamental solutions of the Ψ 1 system, two of them vanish because they are proportional to C − 1. The fundamental solutions can be multiplied by arbitrary r-independent real functions. Thus we divide by B and apply the l'Hospital rule,
r cosη to obtain the two missing fundamental solutions of the Ψ 1 system. The general solution is:
where E 1 , ...E 4 are arbitrary functions independent of r and the coefficients π (1) , ...,
1 , ...Ψ
1 enlisted in Table 1 are functions of η only.
Once the affine-parameter dependence of the spin coefficients ρ, σ, α, β, π, τ, Ψ 0 , Ψ 1 and of the Kerr-Schild potential is known, the question naturally arises whether these solutions are compatible with the rest of the equations? In the following section, we will address this question.
THE REMAINING FIELD EQUATIONS
First we find from the commutator [δ, δ]r = µ −μ that the spin coefficient µ is real.
Then, writing the tetrad vector n in the form
where N , N j are unknown functions of all of the coordinates, some ∆ derivatives can be written as:
The equations (NP 4. 
where the source terms a 1 , ...a 5 are given in Table 2 , and their r dependence is known.
This system corresponds to, but does not hold as a limiting case, of Eqs. we cannot prove property (ii) (that the ∆ derivatives vanish).
The imaginary parts of the first four equations of (7) yield:
The last relation is a constraint equation involving only expressions with known r dependence.
With algebraic manipulations on the first four equations of (7) one obtains:
where f 1 , f 2 , f 3 enlisted in Table 3 From the equations (NP 4.2.g) the r dependence of λ can be integrated:
where the term f 4 with known r dependence is given in Table 3 . After the elimination of λ from (10) and (NP 4.2.h), a fourth constraint C 4 = 0 arises. The solution of all these constraints allows one to express the Q 1,2 derivatives of E 1 , E 2 in terms of E 1 , E 2 , while E 3 , E 4 is found to vanish (Table 4) . Using all these results in the last relation of (7), we express ∆lnV 0 , which does not depend on r as follows from the commutator [∆, D]lnV 0 . This condition can be fulfilled 5 only if:
We recover the same result as in the general case: only the trivial solution of the Ψ 1 system is compatible with the rest of the equations. We then have
where H is an integration function restricted by the conditions
We complete the process of determining the r dependence of the spin coefficients by observing that
from [δ, D]r and (NP 4.2.i,j) respectively. We conclude that the base space must be of type N.
THE METRICS
The commutators among
allow one to fix the coordinates (r, x, y, u) in the following way:
where F (u) is an arbitrary function of u. The tetrad vectors in the chosen coordinates are:
The Kerr-Schild potential is found by integration of V 0 from (12):
where Λ is an arbitrary parameter.
We are now able to write down the base space metric using the completeness relation of the tetrad (16). With (17), the Kerr-Schild pencil has the form
The curvature components are:
We conclude that the Kerr-Schild space-time is of type I in the Petrov classification.
We may transform these metrics to a simpler form by the coordinate transforma-
Noting that t is function only of u, we define a new coordinate q in place of t by dq = dt u . The old coordinates (r, x, y, u) can be expressed in terms of the new ones (v, w, p, q)
provided that the first relation of (20) is invertible. The base and Kerr-Schild metrics in these new coordinates are:
7
The parent space metric has been obtained by Bilge 7 . There has been some contro- 
The Kerr-Schild metric is the Kasner metric 10 :
where the powers
satisfy the required relations p 1 + p 2 + p 3 = 1 and (
(b) in case Λ > 0 the new coordinates (T, X, Y, Z) are introduced in the following 8 manner:
The Kerr-Schild metric is a sign-flipped version of the Kasner metric as described by McIntosh 11 :
This metric arises by way of a complex coordinate transformation on the Kasner metric. 
CONCLUDING REMARKS

